In this article, we shall introduce picture fuzzy bidirectional projection method and some fundamental theories of picture fuzzy information. First of all, we briefly review the definition of picture fuzzy sets (PFS) and introduce the score function, accuracy function and operational laws of PFS. In addition, to fuse overall picture fuzzy evaluation information, we introduce two aggregation operators of PFS including PFWA and PFWG operators. Furthermore, the picture fuzzy bidirectional projection method for multiple attribute group decision making (MAGDM) is established and all computing steps are simply depicted. In our presented model, it's more accuracy and effective for considering the conflicting attributes. Finally, a numerical example for safety assessment of construction project has been given to illustrate this new model and some comparisons between bidirectional projection method with picture fuzzy numbers (PFNs) and PFWA, PFWG aggregation operators are also conducted to further illustrate advantages of the new method.
I. INTRODUCTION
The concept of intuitionistic fuzzy sets(IFSs) was proposed by Atanassov [1] , which generalized the theory of fuzzy set [2] . IFSs are characterized by a membership degree and a non-membership degree [3] , [4] . Based on IFSs, Atanassov and Gargov [5] and Atanassov [6] proposed the theory of interval-valued intuitionistic fuzzy sets(IVIFS) which can describe fuzzy numbers more accuracy and comprehensively. Recently, Cuong and Kreinovich [7] initiated picture fuzzy sets (PFSs) and investigated the some basic operations and properties of PFSs. The picture fuzzy set is characterized by the degree of membership, the degree of neutral membership and the degree of non-membership which must satisfies the condition that the sum of the three degrees cannot exceed 1. The basic models of picture fuzzy can be applied to situations that require more answer types of human ideas: yes, abstain, no, refusal, which can't be precisely depicted The associate editor coordinating the review of this manuscript and approving it for publication was Jenny Mahoney. by the traditional IFS and IVIFS. Cuong et al. [8] investigated the main logic operators of picture fuzzy set and constructed the main operations of picture fuzzy reasoning process by combining the triples picture fuzzy operators of De Morgan. Garg [9] proposed some aggregation operators of picture fuzzy sets (PFSs). Wei [10] extended the TODIM method to the picture fuzzy MADM model. Wang et al. [11] constructed the picture fuzzy normalized projection method based on the VIKOR method. Wei [12] proposed picture fuzzy cross entropy and established the entropy of the alternative attribute value of the picture fuzzy numbers. Wei [13] proposed some picture fuzzy Hamacher aggregation operators in MADM with traditional Hamacher operations [14] - [19] . Singh [20] presented the geometrical interpretation of PFSs and made a correlation coefficients of PFSs. Wang et al. [21] extended Muirhead mean (MM) operator [22] to picture fuzzy environment and presented picture fuzzy Muirhead mean operator. Wei and Gao [23] introduced some generalized dice similarity measures for PFSs. Wei [24] proposed eight similarity measure forms based on the cosine function [25] , [26] between PFSs. Thong and Son [27] developed the Automatic Picture Fuzzy Clustering (AFC-PFS) for determining the most suitable number of clusters for FC-PFS. Zhang et al. [28] developed the gengeralized picture distance and combine it with HPC. Thong and Son [29] proposed a novel hybrid model based on picture fuzzy clustering for medical diagnosis. Son and Thong [30] developed two novel hybrid forecasting models based on picture fuzzy clustering for weather forecasting from satellite image sequences. Son [31] presented a novel distributed picture fuzzy clustering method which called DPFCM.
The PFSs have a powerful ability to model the ambiguous and imprecise information in the real world. In literature, there are many different works related to applications of PFSs in MADM or MAGDM problems based on different methods and models. With this motivation, based on the traditional bidirectional project method [32] , [33] , this paper extended the bidirectional project method to handle the MADM problem under the picture fuzzy environment. Through the measure between each alternative decision matrix and the positive and negative ideal alternative matrix, the ranking order all alternatives can be used to select the best alternative. Further, method for MADM has been given. Finally, a numerical example for selecting best construction projects has been given to demonstrate the application of bidirectional project method of picture fuzzy set, and we used the picture fuzzy weighted average (PFWA) operator and picture fuzzy weighted geometric (PFWG) operator [9] to compare its reasonable and effectiveness.
This research has four main purposes. The first is to develop a comprehensive MAGDM method considering the cognitive bias and motivational bias for helping decision makers to assess the safety of construction project under complex and uncertain environment. The second lies in introducing several picture fuzzy aggregation operators based on a convex combination of PFNs. The third is to establish the bidirectional projection method for MAGDM problems considering both PFSs and ideal alternative matrix. The final purpose is to demonstrate the application, practicality and effectiveness of the proposed MAGDM method using a case study about safety assessment of construction project and some comparisons between bidirectional projection method with PFNs and PFWA, PFWG aggregation operators, picture fuzzy projection method, picture fuzzy cross-entropy method and cosine similarity measure for picture fuzzy sets are also conducted to further illustrate advantages of the new method.
In order to do so, the rest of the paper is arranged as follows. Some basic concepts on PFSs have been summarized in the next section. Section 3, we propose the MAGDM method with picture fuzzy numbers (PFNs). In Section 4, we present the bidirectional projection method for with PFNs. In Section 5, we present the bidirectional project method for MADM method with PFNs. In Section 6, we present a numerical example for safety assessment of construction project with PFNs and give a comparative analysis with existing models. Section 7 concludes the paper with some remarks.
II. PRELIMINARIES A. PICTURE FUZZY SETS
Definition 1 [7] : A picture fuzzy set (PFS) A on the universe X is an object of the form
) could be called the degree of refusal membership of x in A. Definition 2 [9] : Let α = (µ α , η α , ν α ) and β = µ β , η β , ν β be two picture fuzzy numbers (PFNs), the operation formula of them can be defined:
According to the Definition 2, it's clear that the operation laws have the following properties as shown in Equations (2)-(4) at the bottom of this page.
Definition 3 [34] : Let α = (µ α , η α , ν α ) and β = µ β , η β , ν β be PFNs, the score and accuracy functions of α and β can be expressed:
For two PFNs α and β, based on the Definition 3, then
In this section, we shall introduce some arithmetic aggregation operators with picture fuzzy information, such as picture fuzzy weighted averaging (PFWA) operator and picture fuzzy weighted geometric (PFWG) operator [9] . Definition 4 [9] : Let α j = µ α j , η α j , ν α j (j = 1, 2, · · · , n) be a collection of PFNs. The picture fuzzy weighted averaging (PFWA) operator can be defined as:
where ω = (ω 1 , ω 2 , . . . , ω n ) T be the weight vector of
Based on the Definition 4, Garg [9] got the following result: Theorem 1: The aggregated value by using PFWA operator is also a PFN, as shown in (8) at the bottom of this page, where where ω = (ω 1 , ω 2 , . . . , ω n ) T be the weight vector of
Definition 5 [9] : Let α j (j = 1, 2, · · · , n) be a collection of PFNs. The picture fuzzy weighted geometric (PFWG) operator can be defined as:
where ω = (ω 1 , ω 2 , . . . , ω n ) T be the weight vector of α j (j = 1, 2, . . . , n) and ω j > 0, n j=1 ω j = 1 Based on the Definition 5, Garg [9] got the following result: Theorem 2: The aggregated value by using PFWG operator is also a PFN, as shown in (10) where ω = (ω 1 , ω 2 , . . . , ω n ) T be the weight vector of α j (j = 1, 2, . . . , n) and ω j > 0, n j=1 ω j = 1
III. PROJECTION MEASURE AND BIDIRECTIONAL PROJECTION MEASURE OF PFNs
Firstly, we shall define the Projection measure of PFNs.
Definition 6: Let α = (µ α , η α , ν α ) and β = µ β , η β , ν β be two PFNs, then
are called the module of picture fuzzy numbers α and β.
is called the inner product between α and β.
is called the cosine of the included angle between α and β. Definition 7: Let α = (µ α , η α , ν α ) and β = µ β , η β , ν β be two PFNs, then
is called the projection of the vector α on the vector β. Then, we shall introduce a bidirectional projection measure between PFNs to overcome the shortcoming of the general projection measure of PFNs.
Definition 8: Let α = (µ α , η α , ν α ) and β = µ β , η β , ν β be two PFNs, then
is called the bidirectional projection between α and β. Obviously, the greater value of Bproj β (α), the closer α to β. 
IV. THE BIDIRECTIONAL PROJECTION METHOD FOR MAGDM WITH PFNs
Suppose there are m alternatives {ρ 1 , ρ 2 , . . . ρ m }, n attributes {I 1 , I 2 , . . . I n } and t experts {e 1 , e 2 , . . . e t }, let {ε 1 , ε 2 , . . . ε t } and {ω 1 , ω 2 , . . . ω n } be the expert's weighting vector and attribute' s weighting vector which satisfy ω j ∈ [0, 1] , ε k ∈ [0, 1] and n j=1 ω j = 1, t k=1 ε k = 1. Then, we shall propose the bidirectional projection method for MAGDM with PFNs based on the traditional bidirectional projection method [32] , [33] .
Step 1: Construct the fuzzy decision matrix D (i) = d i kj t×n (i = 1, 2, . . . , m; j = 1, 2, . . . , n).
Step 2: Transform the decision matrix D (i) = d i kj t×n to the weighted matrix R i = r i kj by using the equation (17) .
Step 3: Determine the ideal alternative matrix R + = r + kj by using the equation (18) . Step 4: Compute the bidirectional projection measure between each weighted alternative matrix R i and the ideal alternative matrix R + by using the equation (19) .
where
Step 5: Rank the values of Bproj R i , R + in a descending order. The greater value of Bproj R i , R + means the better alternative ρ i .
V. THE NUMERICAL EXAMPLE A. NUMERICAL EXAMPLE FOR MAGDM PROBLEMS WITH PFNs
In recent years, with the increasing of scale and quantity of construction engineering projects, it has become an important pillar industry of national economic development which influences national economic and social development and social harmony and stability greatly. As an important part of project management in construction engineering project, strengthening construction project risk management has become an important issue for sustainable and healthy development of construction engineering projects. In terms of construction engineering project risk management, foreign developed countries started earlier, and gained abundant VOLUME 7, 2019 research achievements including risk identification, risk analysis and risk evaluation, which has formed the basic and comprehensive engineering project risk management theory which provided quite good practical guidance. Risk management research content, method of application project in foreign developed countries is valuable for domestic engineering project risk management theory system, practical application of learning and reference. The safety assessment of construction project is a classical MAGDM problem [35] - [46] . In this section, we shall provide a numerical example for safety assessment of construction project by using bidirectional projection method with PFNs. Assume that five possible construction projects ρ i (i = 1, 2, 3, 4, 5) to be selected and four beneficial attributes to assess these construction projects: xI 1 is the human factors in construction projects; yI 2 is the building materials and equipment factors; zI 3 is the management factors; {I 4 is the environmental factors. The five possible construction projects ρ i (i = 1, 2, 3, 4, 5) are to be evaluated with PFNs with the four attributes by three experts e k (expert's weight ε = (0.37, 0.41, 0.22), attributes weight ω = (0.18, 0.34, 0.22, 0.26)).
To get the most desirable construction project, the following steps are involved:
Step 1: Construct the evaluation matrix D (i) = d i kj t×n (i = 1, 2, . . . , m, j = 1, 2, . . . , n) of each decisionmaker as in Table 1 -5.
Step 2: Calculate the weighted alternative decision matrix R i according to the equation (17) in Table 6 -10.
Step 3: Determine the ideal alternative matrix R + according to the equations (18) in Table 11 .
Step 4: Compute the bidirectional projection measure values between each weighted alternative matrix R i and the ideal alternative matrix R + according to the equation (19) in the table 12.
Step 5: According to the calculating results of Bproj R i , R + , we can rank all the alternatives, the greater value of Bproj R i , R + is, the best alternative selected will be. Clearly, the rank of all alternatives is ρ 2 > ρ 4 > ρ 3 > ρ 1 > ρ 5 and ρ 2 is the best alternative.
B. COMPARATIVE ANALYSIS
In this paper, we compare our proposed picture fuzzy bidirectional projection method with the picture fuzzy weighted average (PFWA) operator and picture fuzzy weighted geometric (PFWG) operator [34] as follows:
According to the score function of PFNs, we can obtain the alternative score results which are shown in Table 14 .
The ranking of alternatives by some PFNs aggregation operators are listed in the table 15 as follows:
Compare the results of the picture fuzzy bidirectional projection method with PFWA and PFWG operators, the aggregation results are slightly different in ranking of alternatives and the best alternatives are same. However, picture fuzzy bidirectional projection method has the precious characteristics of considering the conflicting attributes and can be more accuracy and effective in the application of MAGDM problems.
Furthermore, we compare our proposed method with picture fuzzy projection method [47] , picture fuzzy cross-entropy method [12] and cosine similarity measure for picture fuzzy sets [24] as shown in Table 16 .
Compare the results of these three methods with PFNs, the calculating results are the same in ranking of alternatives and the best alternative is also same. Thus, these three methods with PFNs are conducted to further illustrate advantages of the new method.
VI. CONCLUSION
In this paper, we present the picture fuzzy bidirectional projection method based on the traditional bidirectional projection method and some fundamental theories of picture fuzzy information. Firstly, we briefly review the definition of picture fuzzy sets (PFSs) and introduce the score function, accuracy function and operational laws of PFSs. Next, to fuse the picture fuzzy information, we introduce the PFWA and PFWG operators. Furthermore, combining the traditional bidirectional projection model with PFS information, the picture fuzzy bidirectional projection method for MAGDM is established and the computing steps are simply depicted. In our presented model, it's more accuracy and effective for considering the conflicting attributes.
The case study for safety assessment of construction project shows that the proposed MAGDM method is practical and effective. The advantages of the proposed approach are as follows:
(1)The proposed approach is based on PFNs which is suitable in real life situations. PFNs have the capacity to deal with imprecise and vague information. Each of the element's positive membership, neutral membership and negative membership degree is expressed as a set of crisp numbers. Thus, the DMs may find it more flexible and convenient to express their opinions as precise information.
(2)Bidirectional projection method is a novel decisionmaking method, and it is applied to safety assessment of construction project in this study. Furthermore, Bidirectional projection method is not only easy to calculate, but it can also realize the reasonable and stable ranking of alternatives.
(3) A practical example for safety assessment of construction project is given to verify the developed approach and some comparisons between bidirectional projection method with PFNs and PFWA, PFWG aggregation operators, picture fuzzy projection method, picture fuzzy cross-entropy method and cosine similarity measure for picture fuzzy sets are also conducted to further illustrate advantages of the new method.
(4)It is totally possible for industry managers to employ the proposed approach to solve other similar evaluation problems or other investment decision making problems.
The proposed MAGDM method is applicable to many other uncertain decision making problems or strategyselection problems. In the future, a few more MAGDM methods based on PFNs may be developed, given that PFNs are widely applied to many domains in the real world [48] , [49] . Moreover, the present study has some disadvantages and limitations. For instance, the decision matrices are given subjectively by DMs and the consistency of the decision information is not taken into consideration. Then, the proposed approach is based on picture fuzzy situations, but they may not be properly expressed in complicated conditions [50] - [60] . Expanded situations, such as picture 2-tuple linguistic environments and picture interval 2-tuple linguistic environments, should be considered. A detailed and comprehensive MADM study will be considered in the future works [61] - [66] .
